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Chapter 1

Many classes of optimal Jarratt-type fourth-order methods
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1Department of Mathematics, St. Joseph’s Institute of Technology, OMR, Chennai, India.

Abstract: In this paper, we have presented a family of two-point fourth order iterative methods
without memory based on power mean using a weight function. The family of fourth order methods
is optimal in the sense of Kung-Traub hypothesis. In terms of computational point of view, our
methods require three evaluations (one function and two first derivatives) to get fourth order. Hence,
these methods have high efficiency index 1.5874. Some known results can be regarded as particular
cases of our family of methods. Some numerical examples are tested to know the performance of the
methods which verifies the theoretical results.

Keywords: Non-linear equation, Iterative Methods, Newton’s Method, order of convergence, power mean.

1. Introduction

Consider the problem of finding a simple root of a single non-linear equation of the form:
f(x) =0, (1)

where f : 1 < R — R for an open interval | is a scalar function. Solution of equation (1) has been

given much attention because of its importance in many branches of engineering and science. one of
familiar method to solve (1) is the following second order Newton’s method:

_ f(x)

,wheren=0, 1, 2... (2)
f'(x,)

Yo =X,

In recent years, cubic convergence was established for solving (1) by many methods. In [11]
Xiaojian, derived a class of Newton’s methods based on power means by using the trapezoidal
formula
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For a finite real number p that is p € R, settingp =1, — 1, 0, 2, etc. we get several particular cases of
well-known means which are respectively called arithmetic mean, harmonic mean, geometry mean
and square mean and etc..

In [5] Jarratt, developed fourth order method in which one evaluation of the functions and
two evaluation of the first derivative is defined by

21 (x,)
3T'(x,)’

oy T+ T (x) T(x)
T ef(y,)-21(x) f(x)’

yn = Xn
(4)

In [6] Khattri et al, recently derived an efficient fourth-order technique, in which three
evaluation function

2f(x,)
yn_Xn_3f,(Xn)1
! ' 2 ' 3 (5)
xm_xn{lﬁ_l(mj_g(f (w)j +§(f (yn)J } f(x,)
8\ T00)) 20 T0)) BT ) [Tix,)

Equation (4) and (5) are optimal methods without memory in viewpoint of Kung-Trub
conjecture [7].

2. Description of the Jarratt-type fourth order methods

Let us consider the power mean Newton’s method (3), which is order three with three evaluations
per full iteration. Clearly its efficiency index E* = 1.442 is not high optimal, use of weight function
approach in (3) to build our generalized class of optimal fourth method and little change in first step
of (3). Thus, we consider

., 2f(x)
=% 3f'(x,)
1/p 6
N 2" f(x,) ~[GM)xH(?)] K
sign(£/(x,))( £/(x,)" + F'(y,)" )

Where G(t) and H(z) are two real valued functions and p is a finite real number that is p € R. where

t :m and r = ')

f'(x) f'(x)
convergence is optimal level fourth order without using more evaluations of the function. In [9],
Soleymani et al. presented two new classes of optimal Jarratt-type fourth order methods which is
particular case of (6) that is p = 1 and p = -1 are arithmetic mean and harmonic mean respectively. In
this paper we consider only p = 0 and p = 2 are geometry mean and square mean respectively. Note
that for any value of p we obtain a class of optimal Jarratt-type fourth order method with under the
choice of condition of the weight functions.

. Different value of p and chosen weight function such that the order
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Theorem 2.1: Leta €| be a simple zero of a sufficiently differentiable function f:l c R — R for

an open interval 1. Then the class of methods without memory (6) is of fourth-order convergence.
Proof.

Let a be a simple zero of the function f(x) =0. (Thatis, f(a)=0 and f'(«) #0).

By expanding f(x,)and f’(x,) by Taylor series about & , we obtain

f(x,)='(a) [e, +C; +Cigy +C.80 +0(E)], (7)
(k)
wherec, L ) ,k=2,3,4...and e, =x,—«.
k!'f'(a)
f'(x.)= f'(a) [L+2c,e, +3c,e’ +4c,e’ +O0(el)], (8)
Using (7), (8) in first step of (6) we get,
2
Yy, =« +%” ZC%G” —% (¢ —c,)e’ +§(4c§ —7c,c, +3c,)e; +0o(ed) 9)

Applying the Taylor series of (9) we have,

f'(y,) = f'(@) [1+2c,e, +1(4C +C,)e’ +4 (—18c; +27c,c, +c,)ed +O(er)], (10)
Using (7), (8) and (10) we get,
f(x,) _
) ) )
f n n
st 16310 N

1 , (2 2 ,)35 (29 (8 1) (52 , 90 68)3 A 5
8, —=Ce —| =C;+—=PpC, |6 —| —=C,+| =P—=|C,C;+| =P ——=pP+—1C, |, +O(e
{n 32n (33 gpzjn L274 9p 3 273 81p 27p 81 2 n (n)

In (6) expanding the Taylor series of weight functions G(t) and H(z) about O and 1 respectively,

then multiply in (11) and then with some choice condition we will obtain optimal Jarratt-type fourth
order methods.

Case A: When p =0in (6), and satisfying this conditions
G(0)=1 G'(0)=0=G"(0), |G?(0)|<+w

1 5 (12)
HO=L H®=-,, H'®=,, HO@| <+
Using (12) in (6), we obtain new class of optimal fourth order method, the error equation is
|2 395+ 32H® (D)3 1G‘3) 0 1 N °
€= _( + ( ))CZ A ( )_C2C3+_C4 € +O(en)' (13)
81 6 9
This means that the general two step methods (6) and (12) reaches fourth order convergence O
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Now by choosing appropriate weight functions as presented in (12), we can give optimal two-
step fourth-order iterative methods, such as

Method I:

2f(x,)
31'(x,)’

2 (14)
X, = X fOx) [f( )j 15 _ g(f(yn)]g(f'(yn)}
T sign(F(x ) FOG) Y, 8 2l f'(x)) 8lF(x)

Where its error equation of (14) is

395 o 1 4 5
e .= -1-c,c;+—c, |e, +0(e).
n+1l |:81 9 :| n (n) (15)

Method I1:

21 (x,)
3(x,)’

3 2 5] (16)
S f (%) (f(xn)] Z+§(f'(yn))_g(f'(yn)j +(Mj
" sign(FIx )X ) Ty, f'(x)) |8 2 f'(x)) 8 f'(x) f'(x,)
Where its error equation of (16) is

en+1—[587 ¢, —1-c,C, +;c} el +o(e). (17)

Yo =X, —

Yo =X —

81
Case B: When p = 2 in (6), and satisfying this condition

GO)=1 G(0)=0=G"(0), [67(O)]<+e
HD=1 H '(1)—_1 H "(1)_Z ‘H“)(l)‘ <4oo (18)
=1, =-3 - <

Using (18) in (6), we get another new class of optimal fourth order method, the error equation is
-| £ (303+32H@ ()2 -2 GO (0 Lo, let o
€= a( + ( ))Cz _g ( )_Czcg +§C4 e, +0(en). (19)

This means that the general two step methods (6) and (18), we obtain fourth order convergence. [

Now by choosing appropriate weight functions as presented in (18), we can give optimal two-
step fourth-order iterative methods, such as

Method 111
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_21(x,)
3f'(x)’
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Where its error equation of (20) is

303 1
en+l:|:EC§ —C,C, +§c4}e;‘ +0(e;). (21)

Method 1V:

= _2f0x)
3f'(x.)

Xoia =% = 1) |[1+(f(&)j7£lzz(meJj+Z(me)IJ} (22)
awux&»ﬂ?T%f+fwoj f(a)) 18 UF(x)) 8LT(x)

2

Where its error equation of (22) is

81

Note: In [9], Soleymani et al. already derived when p = 1 and -1 in (6) with under suitable choice of
weight function, which have two class of optimal Jarratt-type fourth-order methods. See [9] the
methods are (17), (19), (24) and (25).

Remark 1:

€ :[E CS A +%C4 _1:| e: + O(er5])' (23)

It is clear that our proposed method of iterations requires three function evaluations per iteration, i.e.
two first derivative and one function evaluations. Thus, our new method is optimal. Clearly its
efficiency index is E* = 1.5874 (high optimal).

3. Numerical Examples

In this section, we give numerical results on some test functions to compare the efficiency of
proposed methods, with Newton’s method (NM), and some existing sixth order methods given in
section 3. Numerical computations have been carried out in the MATLAB software rounding to 16
significant digits. Depending on the precision of the computer, we use the following stopping

criteria for the iterative process: |x,,, —X,| +| f (x,)| <& wheree=107".

n+1
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Table 1: Errors occurring the estimates of the root of function f (x)=xe ™ —0.1 by the methods
described below with initial guess x,= 0.3, and the root & ~ 0.111832559158963

Methods |X1—a| |)(2 —a| |X3—a|
Newton Method 0.47567e-01 0.22849e-02 0.55356e-05
Weerakoon,p=1in(3) 0.13039%e-01 0.31800e-05 0.55511e-16
Homeier, p =-1in (3) 0.64393e-03 0.72263e-10 0.0
Lukic,p=0in (3) 0.69472e-02 0.28266e-06 0.0

Khattri (5) 0.56585e-01 0.78841e-04 0.41633e-15
Soleymani (17) in [9] 0.14507e-01 0.20259¢e-06 0.13878e-16
Jaiswal (2.25) in [3] 0.11886e-01 0.73037e-07 0.0

Method | - (14) 0.13110e-01 0.12391e-06 0.0

Method Il - (16) 0.29305e-01 0.46218e-05 0.0

Method 11 - (20) 0.13262e-01 0.12540e-06 0.0

Method IV - (22) 0.15900e-01 0.31707e-06 0.0

Note: NM 6 itr, and other 4 itr.

x® +2.87x*-10.28

4.62
methods described below with initial guess x,= 2.5, and the root @ ~ 2.002118778953827

Table 2: Errors occurring the estimates of the root of function f,(x) = —X by the

Methods

X - o [x, — % -2
Newton Method 0.85925e-01 0.32675e-02 0.50032e-05
Weerakoon,p=1in(3) 0.18271e-01 0.14770e-05 0.0
Homeier, p =-1in (3) 0.49772e-02 0.33027e-08 0.0
Lukic, p=0in(3) 0.11670e-01 0.21544e-06 0.0
Khattri (5) 0.14964e-01 0.45484e-07 0.0
Soleymani (17) in [9] 0.26594e-01 0.32982¢-06 0.0
Jaiswal (2.25) in [3] 0.76770e-02 0.12105e-08 0.0
Method I - (14) 0.27318e-01 0.39052e-06 0.0
Method Il - (16) 0.23844e-01 0.13910e-06 0.0
Method 111 - (20) 0.83302e-02 0.18560e-08 0.0
Method IV - (22) 0.25895e-01 0.27772e-06 0.0

Note: NM 6 itr, and other 4.

Table 3: The function f,(x) =cos X +sin 2xy/1—x* +sin x> + x™ + x° +2i by the methods described
X
occurring errors with initial guess X,=- 0.9 and the root is « ~ - 0.9257722498275615

Methods |X1—a| |X2 —a| |X3—a|
Newton Method 0.46824e-02 0.14113e-03 0.12997e-06
Weerakoon,p=1in(3) 0.11709e-02 0.95452e-07 0.0
Homeier, p =-1in (3) 0.22725e-03 0.19248e-09 0.0
Lukic,p=0in (3) 0.70352¢-03 0.13169e-07 0.11102e-15
Khattri (5) 0.23653e-02 0.71183e-07 0.0
Soleymani (17) in [9] 0.55756e-03 0.78787e-10 0.11102e-15
Jaiswal (2.25) in [3] 0.55682¢-03 0.78274e-10 0.0

Method | - (14) 0.48788e-03 0.40454e-10 0.0
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Method I1 - (16) 0.11602e-02 0.24333e-08 0.0
Method 111 - (20) 0.62711e-03 0.14153e-09 0.0
Method 1V - (22) 0.62786e-03 0.14236e-09 0.0

Note: NM 6 itr, and other 4.

Table 4: The function f,(x)=In(x)—x*+2sinx by the methods described occurring errors with
initial guess x,= 1.5. The root is o ~ 1.297997743280372

Methods |X1—0[| |)(2 —0(| |X3—a|
Newton Method 0.37989¢-01 0.18210e-02 0.45438e-05
Weerakoon,p=1in(3) 0.86903e-02 0.12841e-05 0.0
Homeier, p =-1in (3) 0.23183e-02 0.16189e-08 0.0
Lukic,p=0in(3) 0.55301e-02 0.17888e-06 0.22204e-15
Khattri (5) 0.76827e-02 0.77927e-07 0.0
Soleymani (17) in [9] 0.32801e-02 0.92473e-09 0.22204e-15
Jaiswal (2.25) in [3] 0.41530e-02 0.26516e-08 2.22044e-15
Method | - (14) 0.29423e-02 0.52997e-09 0.0

Method Il - (16) 0.45316e-02 0.54138e-08 0.0

Method 111 - (20) 0.44766e-02 0.39426e-08 0.22204e-15
Method 1V - (22) 0.36051e-02 0.15034e-08 0.0

Note: NM 6 itr, and other 4.

Table 5: The function f5(x)=xexz —sin®x+3cosx+5 by the methods described occurring errors

with initial guess X,=- 2. The rootis a ~ - 1.207647827130919

Methods

% -2 %« % -2
Newton Method 0.15932e-00 0.35638e-01 0.18836e-02
Weerakoon,p=1in(3) 0.13926e-01 0.86676e-05 0.19984e-14
Homeier, p=-1in (3) 0.30882e-03 0.29496e-10 0.22204e-15
Lukic, p=0in(3) 0.32211e-02 0.71044e-07 0.22204e-15
Khattri (5) 0.13814e-01 0.98872e-06 0.22204e-15
Soleymani (17) in [9] 0.68539¢-03 0.23501e-11 0.22204e-15
Jaiswal (2.25) in [3] 0.51094e-03 0.65814e-12 0.22204e-15
Method | - (14) 0.34251e-03 0.12967e-12 0.22204e-15
Method I1 - (16) 0.26764e-02 0.88511e-09 0.22204e-15
Method 111 - (20) 0.90973e-03 0.74649e-11 0.22204e-15
Method 1V - (22) 0.11813e-02 0.23145e-10 0.22204e-15

Note: NM 9 itr, and other 6.

7. Conclusions

Based on power mean Newton’s method, we have presented two class of modified Newton’s
method MNM1 and MNM2 in this paper. These new methods have sixth order convergence and
have efficiency index E” = 1.431 and 1.565 respectively. As per efficiency is concerned, the method
MNM2 performs equally well with few existing sixth order methods [2, 7, 8] but better than
Newton’s method and power means Newton’s method [15]. Also, by combining power means
Newton method with the well-known Newton’s method in a three-step iteration process, we can get
few existing sixth order methods as special cases of the present method. Hence, the present methods
can be considered as a class of sixth order Newton’s methods.
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